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Abstract
We prove that the singular Lagrangian foliation of a 2-degree of freedom integrable Hamiltonian system, is
symplectically equivalent to the linearized foliation in a neighbourhood of a non-degenerate singular orbit.
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1. Introduction
This paper is concerned with the classification of the symplectic structures on M4 making a given
foliation with singularities into a Lagrangian one in a neighbourhood of a singular leaf.
The problem of classifying the symplectic germs such that a given regular foliation is Lagrangian
has been studied by the first author and Pierre Molino in [2,3]. In those papers, once a Weinstein
affine connection is fixed on a compact leaf of the foliation, the symplectic germs are classified by a
characteristic class called Lagrangian holonomy.
On the other hand, if the regular foliation is given by an integrable Hamiltonian system, the Weinstein
affine connection is trivial and, in this case, there is just one symplectic germ making that given foliation
into a Lagrangian one in a neighbourhood of a compact leaf. This result in the regular case suggests that
similar results could be attained for foliations given by integrable Hamiltonian systems with singularities.
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Consider an integrable Hamiltonian system with two degrees of freedom. Our goal is to show that
the singular Lagrangian foliation associated to this Hamiltonian system, near a non-degenerate singular
orbit, is symplectically equivalent to the linearized foliation. In order to do this, in Section 2 we begin
by recalling some known facts about the singular Lagrangian foliation associated to such Hamiltonian
systems: first of all, the singularity can be elliptic or hyperbolic. In the elliptic case one can see the
differentiable equivalence between the singular Lagrangian foliation and the linearized one. In the
hyperbolic case one can also prove the equivalence, but it might first be necessary to take a double
covering of a neighbourhood of the singular leaf. We do not know if this equivalence holds without
passing to a double covering.
Once the differentiable equivalence has been attained, we prove in Section 3 that any two symplectic
forms ω1 and ω2, such that the linearized foliation is Lagrangian, are equivalent in the following sense:
There is a diffeomorphism f between two neighbourhoods of the singular leaf preserving the linearized
foliation such that f ∗(ω2) = ω1. Thus, the previous differentiable equivalence between the singular
Lagrangian foliation and the linearized foliation is, in fact, a symplectic equivalence. The proof in the
elliptic case is just a “combination” of known results [4,5,8] and in the hyperbolic case we make use of
some techniques about the decomposition of differential forms contained in [1].
After the acceptance of this paper, we were informed that a result similar to Theorem 3.2 is also
contained in the preprint math.AP/0005264 by Colin de Verdière & Vu Ngoc.
2. Preliminaries. Differentiable equivalence
We begin this section by recalling some facts concerning integrable Hamiltonian systems in the 2n-
dimensional setting with a special emphasis on the 4-dimensional case.
Following [8] and [4] an integrable Hamiltonian system on a symplectic manifold (M2n,ω) means a
C∞ Poisson Rn-action, generated by a moment map F :M2n →Rn. We can look at it as a pair (χ,A): χ
being the n-dimensional commutative Lie algebra of vector fields generated by the Hamiltonians of the
component functions Fi of F , and A being the algebra of functions generated by the first integrals of the
vector fields of χ . The foliation obtained from χ is called the singular Lagrangian foliation.
Let x0 ∈ M2n be a singular point of the integrable Hamiltonian system, i.e., the rank of dx0F =
(dx0F1, . . . , dx0Fn) is less than n.
Let us recall some notations and definitions:
Transversal linearization at x0: Let χx0 be the subspace of Tx0M generated by Xx0 , for all X ∈ χ . Let
Kx0 =
⋂
f∈AKerdx0f , and let Bx0 the set of f ∈A such that dx0f = 0. For all f ∈ Bx0 the 2-order jet of
f −f (x0) gives a quadratic form on Kx0 , such that its kernel contains χx0 , so it gives a quadratic form f ′Tx0
on Kx0/χx0 . The set of quadratic forms obtained in this way, which we denote by A′Tx0 , is a commutative
subalgebra under the Poisson bracket. One usually refers to A′Tx0 as the transversal linearization of F .
Notice that Kx0/χx0 carries a natural symplectic structure ω¯x0 , and is symplectomorphic to a subspace
Rx0 ⊂ Tx0M .
Definition 2.1. A singular point of corank k is called non-degenerate if A′Tx0 is a Cartan subalgebra of the
algebra of quadratic forms on Rx0 .
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If 2n= 4 and x0 is a non-degenerate singular point of corank 1, then A′Tx0 is generated by a function f
in R2 (Rx0 ∼= R2). According to a classical result of Williamson [7], where linearized non-degenerate
singular points are classified, one can use a convenient system of coordinates, say (x, y), such that
f = x2 + y2 in the elliptic case and f = x2 − y2 in the hyperbolic case.
From now on, 2n= 4 and L∼= S1 will be a non-degenerate singular periodic orbit of χ . Let us see that
the foliation can be linearized in both the elliptic and the hyperbolic cases:
Case 1. (Elliptic case) If the singularity is elliptic, according to [5,8] and [4], in a tubular
neighbourhood of L there is a symplectic system of coordinates (x1, y1(mod 1), x2, y2) such that ω =∑2
i=1 dxi ∧ dyi . Furthermore, in those coordinates the moment map F can be expressed as a smooth
function of x1 and x22 + y22 . That is, the singular Lagrangian foliation is symplectically equivalent to the
linearized one.
Case 2. (Hyperbolic case) In this case, following [8] there is a Hamiltonian S1-action in a tubular
neighbourhood U(L) of L. This action preserves the moment map, is locally free and free outside the
singular points. It is known that in order to have a free S1-action one must consider in general (due to the
twisted hyperbolic case) a double covering U˜(L) of the previous neighbourhood U(L) of L. Now we are
going to prove:
Theorem 2.1. In a neighbourhood of L in U˜ (L) the singular Lagrangian foliation is diffeomorphic to
the linearized one.
Proof. In U˜ (L), A is functionally generated by a pair of Poisson commuting functions f1, f2, in such
a way that Hf1 is the infinitesimal generator of the Hamiltonian free S1-action. Then one can take
coordinates (θ,p, x, y) in U˜ (L) such that Hf1 = ∂∂θ and f1 = p.
In order to prove the theorem we need the following lemma:
Lemma 2.1. Let N ⊂ U˜ (L) be defined as
N =
{
(θ,p, x, y) ∈ U˜ (L)
∣∣∣ ∂f2
∂x
= 0, ∂f2
∂y
= 0
}
.
Then, under the non-degeneracy assumptions, there exist functions g1 :S1 × (−ε, ε)→ R and g2 :S1 ×
(−ε, ε)→R and a tubular neighbourhood W(L) of L, W(L)⊂ U˜(L) such that
N ∩W(L)= {(θ,p, x, y) ∈W(L) | x = g1(θ,p), y = g2(θ,p)}.
Proof. Let N̂ be the set {(θ,p, x, y) ∈ U˜ (L) | x = y = 0}.
There exists a neighbourhood V (L) of L such that the differential of the mapping
H : V (L)→ N̂ ×R2
(θ,p, x, y)→
(
θ,p,
∂f2
∂x
,
∂f2
∂y
)
is non-singular along L. So there is an open neighbourhood W(L) of L in V (L), such that H |W(L) is a
diffeomorphism. Notice that H(N)= N̂ × (0,0).
Finally, defining g1(θ,p)= π3 ◦H−1(θ,p,0,0) and g2(θ,p)= π4 ◦H−1(θ,p,0,0) (where π3 and
π4 stand for the projections on the x-axis and y-axis respectively), we have
N ∩W(L)= {(θ,p, x, y) ∈W(L) | x = g1(θ,p), y = g2(θ,p)}.
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This concludes the proof of the lemma. ✷
The proof of the theorem continues as follows:
The diffeomorphism
G : W(L)→G(W(L))
(θ,p, x, y) → (θ,p, x − g1, y − g2)
takes N ∩W(L) to {(θ,p,0,0) ∈G(W(L))}. Let (θ,p, x1, y1) stand for coordinates on G(W(L)).
As Hf1(f2)= 0, the function f2 does not depend on θ . After applying the parametrized Morse lemma
and as we are only considering the hyperbolic case we get coordinates (θ,p, x¯, y¯) in a neighbourhood
T (L) of L, T (L)⊂W(L), such that
f2 = x¯2 − y¯2.
So, the singular Lagrangian foliation becomes differentiably equivalent to the one given by {Z1,Z2};
Z1 = ∂∂θ , Z2 = y¯ ∂∂x¯ + x¯ ∂∂y¯ . ✷
3. Symplectic equivalence
In the previous section we attained the differentiable equivalence between the singular Lagrangian
foliation and the linearized one. In this section we shall see that this equivalence becomes symplectic in
a neighbourhood of a non-degenerate singular periodic orbit by proving the following theorem:
Theorem 3.1. Let M40 = S1 × D3, endowed with the coordinates (θ,p, x, y). Let F0 be the foliation
given by
Y1 = ∂
∂θ
,
Y2 = y ∂
∂x
− εx ∂
∂y
ε ∈ {−1,1} (ε = 1 elliptic case, ε =−1 hyperbolic case).
Let L = S1 × (0,0,0). Then any two symplectic forms ω1 and ω2 in M40 such that F0 becomes
Lagrangian are equivalent, i.e., there exists a diffeomorphism φ between two neighbourhoods of L such
that φ preserves F0 and φ∗(ω2)= ω1.
Once this theorem has been proved, as the singular Lagrangian foliation of Section 2 is differentiably
equivalent to the linearized one, and the symplectic form in M40 , such that F0 becomes Lagrangian, is
unique, we finally get the desired symplectic equivalence which we formulate as:
Theorem 3.2. Consider an integrable Hamiltonian system on a symplectic manifold (M4,ω) with a non-
degenerate singular periodic orbit L. Let F be the singular Lagrangian foliation associated to it. Let ω0
be the canonical symplectic structure on M40 given by ω0 = dp ∧ dθ + dx ∧ dy, and let L be identified
with S1 × (0,0,0) in M40 . Then:
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• If the singularity on L is elliptic there are neighbourhoods of L in M4 and M40 and a diffeomorphism
between them φ sending F to F0 and such that φ∗(ω0)= ω.
• If the singularity on L is hyperbolic there are in general a double covering of a neighbourhood of
L in M4, a neighbourhood of L in M40 and a diffeomorphism φ between them sending F to F0 and
such that φ∗(ω0)= ω.
Proof of Theorem 3.1. Let ω be a symplectic form in M40 such that F0 is Lagrangian. If f is a function
defined on S1 ×D3, we denote by Hωf the Hamiltonian vector field associated to f .
Lemma 3.1. There exist coordinates (θ¯ , p¯, x, y) in a neighbourhood of L ∼= S1 × (0,0,0), such that
Hωp¯ |N = ∂∂θ¯ on N = {(θ¯ , p¯,0,0)}.
Proof. Let us consider N ⊂M40 , N = {(θ,p,0,0)} and let i :N →M40 be the inclusion of N in M40 .
One can easily check that i∗ω endows N with a symplectic structure and that dp = 0 defines a regular
Lagrangian foliation on N by circles; by a simple continuity argument: i ∂
∂θ
ω|N = λdp, λ = 0, so one
can take coordinates (θ¯ , p¯) in N such that i ∂
∂θ¯
(i∗ω)= dp¯. Considering (θ¯ , p¯, x, y) as coordinates in M40
(after shrinking M40 if necessary), we have i ∂
∂θ¯
ω|N = dp¯. ✷
To avoid unnecessary changes of notation, we will consider from now on M40 endowed with
coordinates (θ,p, x, y) such that Hωp = ∂∂θ on N .
Using the generalized Poincaré Lemma we can write
ω= d(Adθ +B dp+C dx +Ddy),
where A,B,C,D are differentiable functions vanishing on L.
Now we need the following
Lemma 3.2. There exist coordinates (θ,p, x, y) in a neighbourhood of L such that
ω= d(p dθ +B dp+C dx +Ddy),
where B,C,D vanish along L.
Proof. In view of the decomposition
A(θ,p, x, y)=A0(p, x, y)+ ∂
A
∂θ
,
we can write
ω= d
(
A0(p, x, y) dθ + d(A)+
(
B − ∂A
∂p
)
dp+
(
C − ∂A
∂x
)
dx +
(
D− ∂A
∂y
)
dy
)
.
Thus ω= d(A0(p, x, y) dθ + B dp+ C dx + Ddy), where B = B − ∂A∂p , C = C− ∂A∂x and D =D− ∂A∂y .
Let us see that A0 is basic for the foliation F0. As F0 is Lagrangian for ω, we have(
−y ∂
∂x
+ εx ∂
∂y
)
A0 + ∂
∂θ
(yC − εxD)= 0.
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So this yields the following two equalities(
y
∂
∂x
− εx ∂
∂y
)
A0 = 0,
−yC + εxD = f (p, x, y).
The first condition together with ∂A0
∂θ
= 0 implies that A0 is basic for the foliation.
On the other hand, as Hωp = ∂∂θ on N , in particular we obtain ∂A0∂p = 1 on N .
So the mapping
ϕ : M40 →M40
(θ,p, x, y) → (θ,A0(p, x, y), x, y)
is a foliation preserving diffeomorphism.
Finally, for suitably chosen coefficients B2,C2,D2, we have
ϕ∗
(
d(p dθ +B2 dp+C2 dx +D2 dy)
)= ω.
Notice that as on N , Hωp = ∂∂θ , the functions ∂B2∂θ , ∂C2∂θ and ∂D2∂θ vanish on N . So, in particular B2,C2,D2
are constant on L. As
ω= d(pdθ + (B2 −B2(θ,0,0,0))dp+ (C2 −C2(θ,0,0,0))dx + (D2 −D2(θ,0,0,0))dy),
we can assume that the coefficients B,C,D are zero along L. ✷
We will need the following lemma which is an application of Moser’s path method:
Lemma 3.3. Let α be a 1-form, vanishing on L and F0-basic, and let ω1 be a symplectic structure on
M40 such that F0 is Lagrangian. Then:
(1) The 2-form ω0 = ω1 − dα is a symplectic structure in a neighbourhood of L and makes the foliation
Lagrangian.
(2) There is a diffeomorphism η between two neighbourhoods of L in M40 which preserves F0 and is
such that η∗(ω1)= ω0.
Proof. Let ω1 = d(p dθ +B dp+C dx +Ddy). As α is basic for the foliation,
α = F(x dx + εy dy)+Gdp.
Consider the following family of 2-forms ωt = ω0 + t (ω1 −ω0), t ∈ [0,1]. So,
ωt = d
(
p dθ +B dp+C dx +Ddy + (t − 1)F (x dx + εy dy)+ (t − 1)Gdp),
where B , C, D and G vanish along L. Therefore ωt |L is the 2-form
ωt |L= dp ∧ dθ +
(
∂B
∂x
− ∂C
∂p
+ (t − 1)∂G
∂x
)
dx ∧ dp
+
(
∂B
∂y
− ∂D
∂p
+ (t − 1)∂G
∂y
)
dy ∧ dp+
(
∂D
∂x
− ∂C
∂y
)
dx ∧ dy,
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Since ω1|L is non-degenerate it follows that ( ∂D∂x − ∂C∂y )|L = 0, and one can check that this implies that ωt
is non-degenerate along L, for all t ∈ [0,1]. Therefore, we may assume that ∀t ∈ [0,1] ωt is symplectic
in a tubular neighbourhood of L. Moreover, as
i ∂
∂θ
ωt =
(
∂B
∂θ
− 1+ (t − 1)∂G
∂θ
)
dp+ ∂C
∂θ
dx + ∂D
∂θ
dy + (t − 1)∂F
∂θ
(x dx + εy dy)
we conclude that the foliation given by Y1, Y2 is Lagrangian for all ωt .
In particular, taking t = 0 we have proved the first assertion of the lemma.
Now, using non-degeneracy, the equality
(I)iXtωt =−α
defines a vector field Xt . Notice that as we have assumed that α|L = 0, this guarantees [6] that the time-
dependent vector field Xt is integrable (as it is integrable on L). Let φt stand for the “flow” of the time
dependent vector field Xt defined by the conditions
φ0 = Id, Xt = dφs
ds
∣∣∣∣
s=t
.
We check that this field is tangent to the foliation; in this way the flow of the time-dependent vector
field will preserve the leaves of the Lagrangian foliation. Let B = {(θ,p,0,0)} be the singular set for the
foliation. We will see that the vector field is tangent to the foliation in two steps:
• Outside B:
Notice that since the regular leaves of the foliation are Lagrangian submanifolds for all ωt , any vector
field which is symplectically orthogonal to a leaf has to be tangent to the foliation; but as α is basic
for the foliation Xt satisfies ωt(Xt , Y1)=−α(Y1)= 0 and ωt(Xt, Y2)=−α(Y2)= 0. SoXt is tangent
to the foliation along the regular leaves.
• In the singular set B:
Let c = (θ0, c0,0,0) ∈ B. A singular leaf for the foliation through c is the circle Lc = {(θ, c0,0,0)}.
So a time-dependent vector field tangent to Lc at c has the form γt(θ,p, x, y) ∂∂θ . Let us check that Xt
has this form: On B, Xt has to be tangent to B otherwise its flow would reach a regular Lagrangian
leaf of the foliation. So Xt |B = αt ∂∂p + βt ∂∂θ .
Finally, as Xt has to verify (I), αt has to be zero, and therefore Xt is tangent to the foliation along B.
So, we conclude that φt preserves the leaves of the foliation.
The flow φt thus gives us a family of diffeomorphisms verifying:
(1) It is equal to the identity on L.
(2) φ∗t ωt = ω0; as a particular case, we have φ∗1 (ω1)= ω0.
(3) φt preserves the leaves of the foliation.
So η = φ1 is the symplectomorphism we are looking for and the two symplectic forms ω0 and ω1
define equivalent symplectic structures. This proves the second assertion of the lemma. ✷
Now we are going to apply this lemma to prove that there is a Hamiltonian S1-action tangent to the
foliation:
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Proposition 3.1. There is a Hamiltonian S1-action tangent to the foliation. In fact, there exist coordinates
(θ,p, x, y) in a neighbourhood of L such that ω = d(p dθ + C(p,x, y) dx + D(p,x, y) dy) and the
Hamiltonian S1-action is given by translations with respect to θ .
Proof. We will apply Lemma 3.3 in two stages:
First stage: Consider ω1 = d(p dθ +B dp+C dx +Ddy) and ω0 = ω1 − d(B dp).
As B vanishes along L, applying Lemma 3.3, we see that ω0 defines a symplectic structure in a
neighbourhood of L such that makes F0 into a Lagrangian foliation and which is equivalent to ω1. Thus
we can assume
ω= ω0 = d
(
pdθ +C(θ,p, x, y) dx +D(θ,p, x, y) dy).
Second stage: As
i ∂
∂θ
ω =−dp+ ∂C
∂θ
dx + ∂D
∂θ
dy,
we have
∂C
∂θ
dx + ∂D
∂θ
dy = λ(x dx + εy dy)
for a certain function λ. Therefore,
∂C
∂θ
= xλ, ∂D
∂θ
= εyλ.
This leads us to the following decomposition
C = C0(p, x, y)+ x ∂
H
∂θ
,
D =D0(p, x, y)+ εy ∂
H
∂θ
.
Now
ω= d
(
p dθ +C0(p, x, y) dx +D0(p, x, y) dy + ∂
H
∂θ
(x dx + εy dy)
)
.
Let ω0 = d(p dθ+C0(p, x, y) dx+D0(p, x, y) dy). So, we can apply Lemma 3.3 again and we therefore
can assume
ω= d(pdθ +C(p,x, y) dx +D(p,x, y) dy).
Notice that i ∂
∂θ
ω =−dp. So, S1 acts on this neighbourhood in a Hamiltonian fashion and p is the moment
map.
This concludes the proof of the proposition. ✷
At this point we know in the elliptic case that there is a neighbourhood of L∼= S1 × (0,0,0) which
is symplectically equivalent to the canonical model (result proved in [4,5] and referred to in [8] as
Theorem 3.9).
So, it remains only to consider the hyperbolic case.
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Without loss of generality, we may assume that the symplectic form onM40 = S1×D3 can be expressed
as
ω= dp ∧ dθ +A(p,x, y) dp ∧ dx +B(p,x, y) dp ∧ dy +C(p,x, y) dx ∧ dy.
As we are in the hyperbolic case F0 = 〈 ∂∂θ , y ∂∂x + x ∂∂y 〉.
Observation 3.1. As ω is symplectic C(0,0,0) = 0 so after shrinking M40 , if necessary, we may assume
C(p,0,0) = 0.
Let us introduce the following notation: For any function f (p, x, y), dT f will stand for the 1-form
dT f = ∂f
∂x
dx + ∂f
∂y
dy.
Lemma 3.4. Given C(p,x, y) there exist C∞-functions χ and f such that
C(p,x, y) dx ∧ dy = χ(p,x2 − y2)dx ∧ dy + dT f ∧ d(x2 − y2).
Proof. Let us denote Q(x, y)= x2 − y2.
First of all notice that
C(p,x, y) dx ∧ dy = C(p,0,0) dx ∧ dy + (C(p,x, y)−C(p,0,0))dx ∧ dy,
so it is enough to prove the splitting claimed in the lemma for a function C(p,x, y) such that C(p,0,0)
= 0.
Now we choose the (x, y)-jet along (p,0,0) of the functions χ and f in such a way that
C(p,x, y) dx ∧ dy − χ(p,Q)dx ∧ dy − dT f ∧ dQ
is (x, y)-flat along (p,0,0). One can find these jets directly or applying the results of [1, Section 4].
Taking χ and f , C∞-functions with the previous jets, the lemma will be proved if given a two-form
ρ(p, x, y) dx ∧ dy with vanishing (x, y)-jet along (p,0,0), one can find a smooth function h such that
ρ(p, x, y) dx ∧ dy = dT h∧ dQ.
But finding h is equivalent to solving
−1
2
ρ(p, x, y)= y ∂h
∂x
+ x ∂h
∂y
for a flat function ρ.
The existence and uniqueness of solution of this equation is guaranteed by Lemma 2 of [1], and this
completes the proof of the lemma. ✷
Having reached this point, we can assert that ω can be written as
ω= dp ∧ dθ +A(p,x, y) dp ∧ dx +B(p,x, y) dp ∧ dy + χ(p,x2 − y2)dx ∧ dy + d(f dQ).
Applying Lemma 3.3 one can eliminate the term d(f dQ) by using a diffeomorphism which preserves
the foliation.
Now we need the following:
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Lemma 3.5. For any 2-form on R2 of the form ω = χ(Q)dx ∧ dy with χ(0) = 0, there is a germ of a
diffeomorphism ν fixing the origin and also preserving the foliation given by dQ= 0, such that
ν∗(ω)= dx ∧ dy.
Proof. To start with, observe that if ψ(Q) is any differentiable function of Q such that ψ(0) = 0, the
mapping
G :
(
R
2,0
)→ (R2,0)
(x, y) → (x ·ψ(Q), y ·ψ(Q))
defines a germ of a diffeomorphism preserving the foliation dQ= 0. Moreover, observe that
G∗(dx ∧ dy)= (ψ2 + 2ψψ ′Q)dx ∧ dy.
So taking as ψ the solution of the equation
d
du
(
ψ2(u) · u)= χ(u),
where u=Q, we have the desired diffeomorphism ν, and that finishes the proof of the lemma. ✷
Using the previous lemma, we can find a diffeomorphism preserving F0, such that the pull-back of ω,
which we will also denote by ω for the sake of simplicity, is
ω= dp ∧ dθ +A(p,x, y) dp ∧ dx +B(p,x, y) dp ∧ dy + dx ∧ dy.
Finally, as ω is closed, there exists g(p, x, y) such that,
A= ∂g
∂x
, B = ∂g
∂y
.
Using the diffeomorphism
φ : M40 →M40
(θ,p, x, y) → (θ + g(p, x, y),p, x, y)
which preserves F0, we can write ω= dp ∧ dθ + dx ∧ dy. This completes the proof of the theorem.
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